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Abstract. In this paper, we will consider the free probability on a direct 

product of noncommutative probability spaces. Let / be a finite set and let 

{(Ai, ipj) : i £ /} be a collection of noncommutative probability spaces, where 

Ai's are unital algebras and <^'s are linear functionals, for i 6 J. Define the 

direct product A = X A; of algebras Aj and define the conditional cxpccta- 
iel 

tion E = X ip i from A onto the subalgebra -Din, generated by all diagonal 

iel 

matrices in the matricial algebra M^ji (C). We will consider the noncommutat- 
ibe probability space (A, E) with amalgamation over D\j\. We observe that 
we can extend almost all free probabilistic results in the scalar-valued case to 
those in the Z?|j|-valued case. 

Free Probability has been developed by various mathematician from 1980's. 
There are two approaches to study it. One of them is the original Voiculescu's 
pure analytic approach (See [3]) and the other one is the Speicher and Nica's com- 
binatorial approach (See [1], [10] and [11]). We will use the Speicher 's combinatorial 
amalgamated Free Probability introduced and studied in [11]. Let B C Abe unital 
algebras with 1^ = 1 B (equivalently, A is an algebra over B). Suppose that there 
exists a conditional expectation E : A — > B satisfying the bimodule map property 
and 

(i) E(b) = b, for all b E B 

(ii) E(bab') = bE(a)b', for all b,b' G B and a e A. 

Then the algebraic pair (A, E) is called a noncommutative probability space with 
amalgamation over B (or an amalgamated noncommutative probability space over 
B. See [11]). All elements in (A, E) are said to be B- valued random variables. When 
B = C and E is a linear functional, then we call this structure a (scalar-valued) 
noncommutative probability space and the elements (free) random variables. Let a 
S (A, E) be a B- valued random variable. Then it contains the following (equivalent) 
free probabilistic data, 

E(bia...b n a) 

and 

k n (bia 1 ...,b n a) d = E n (bia, b n a)^(TT, 1„), 

■KGNC(n) 



Key words and phrases. Noncommutative Probability Spaces, Direct Producted Noncommu- 
tative Probability Spaces, Moment Series, R-transforms, Restricted Operator- Valued Boxed Con- 
volution, S-transforms. 
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called the i?-valued n-th moment of a and the 5-valucd n-th cumulant of a, 
respectively, for all n G N and &i, b n G B arbitrary, where (...) is the 
partition-dependent B-valued moment of a and NC (n) is the collection of all non- 
crossing partitions and /i is the Mobius functional in the incidence algebra I 2 , as 
the convolution inverse of the zeta functional £ defined by 



for all TTi, tt 2 G NC(n), and n G N (Sec [11]). When b 1 = ... = b n = B , for 
n G N, we say that E(a n ) and k n (a, a) are trivial n-th B-valued moment and 
cumulant of a, respectively. Recall that the collection NC(n) is a lattice with the 
total ordering < (See [1], [2], [10] and [11]). 

Let A\ and A-i be subalgebras of A. We say that they are free over B if all mixed 
cumulants of A\ and A 2 vanish. Let S\ and S2 be subsets of A. We say that subsets 
S\ and S2 are free over B if the subalgebras A\ = Alg {Si, B} and A 2 = Alg {S2, 
B} are free over B. In particular, the B-valued random variables ai and 02 are free 
over B if the subsets {ai} and {02} are free over B in (A, E). Equivalcntly, given 
two .B-valued random variables ai and a 2 are free over B in (A, E) if all mixed 
-B-valued cumulants of ai and a 2 vanish. (Recall that, when A is a *-algebra, they 
are free over B if all mixed B-valued cumulants of P(ai, a*) and Q(a 2 , a 2 ) vanish, 
for all P, Q in C [zi, z 2 ].) 

In this paper, we will consider Free Probability on a direct product of finite non- 
commutative probability spaces, as a new model for noncommutative probability 
space with amalgamation over the matricial subalgebra generated by all diagonal 
matrices. The construction of them is very similar to those of Toeplitz noncom- 
mutative probability spaces over Toeplitz matricial algebras in [5] . Let N G N and 



be the finite family of noncommutative probability spaces (Ai, fi), (An, 
<Pn), where Ai, An are unital algebras and ip 1 , ip N are linear functionals. 
Define the direct product A of Ai, An by 



Now, define the diagonal matricial algebra Dn in the matricial algebra Mn (C) 




let 



F={(A i ,<p i ):i = l,...,N}. 



A — x^ =1 Aj — 



{(ai, ...,a N ) : aj G Aj, j = 1, ...,N}. 



by 



Dn = C[{eu, ...,ejviv}], 



where {eij : i, 



j = 1, N} is the canonical matrix units of Mjv(C). i.e., 
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for all i = 1,...,N. 

Then we can define the conditional expectation E : A — > D n by 

/ ^(ai) \ 



£((ai, ...,ajv)) = 



V o 



Then the algebraic pair (A, E) is a noncommutative probability space with amal- 
gamation over Dn- For convenience, sometimes, we will denote E by ((p 1 , <^jv)- 
We will call it the direct producted noncommutative probability space. Notice that 
Dn is a commutative subalgebra of Mjv(C). The main purpose of this paper is to 
study Free Probability on this direct producted noncommutative probability space 
(A,E). 

In Chapter 1, we will observe the free structure of the direct producted non- 
commutative probability space (A,E), for instance, the Djv-freeness on (A, E). In 
particular, we can see that if x = (a\, a^) is in (A, E), then 



\ 



and 




for all n G N, where k n {...) is the I?Ar-valued cumulant bimodule map with 
respect to the conditional expectation E and kn\...) are scalar- valued cumulant 
functional with respect to the linear functionals (p { , for i = 1, N. The above 
D ^-valued cumulant relation shows that if £>Ar-valued random variables x = (a\, 
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a at) and y = (a' 1; a' N ) are free over Dn if and only if aj and a'j are free in 
(Aj, tpj), for all j = 1, JV. 

In Chapter 2, we will consider the D^-valued moment series and R-transform 
of a Z?Ar-valucd random variable in (A, E). Since Dn commutes with the direct 
product A = xf—i Aj, we only need to consider trivial DAT-valued cumulants of 
DAT-valued random variables for studying the free probabilistic information (e.g., 
DAT-valued distribution etc) of them. So, as a formal series in Dat, we can define 
the R-transform R x (z) of a D at -valued random variable x G (A, E), by 

R x{z) = T,™=l k n(x, ...,x)z n in £>Ar[[z]], 

where A[[z]] is a ring of formal series in A and z is an indeterminent. Then, 
similar to the scalar-valued case (See [1] and [10]), we have the following DAT-valued 
R-transform calculus; 

(1) R x+y (z) = R x {z) + Ry(z), in D N [[z]] 

(2) R x , y (z\, z 2 ) = Rx(zi) + R y (z 2 ) in D N [[zi,z 2 ]] 

(3) R xy (z) = (R x E Dn R v ) {z) in D N [[z]]. 

In (3), the symbol Hdn means the Z?Ar-valued restricted boxed convolution on 
Qd n , where Qd n is the subset of Dn [[z]] with zero I>Ar-constant terms. 

In Chapter 3, we will consider certain Djy-valued random variables. To do that, 
we assume each noncommutative probability space (Aj, ipj) is a VF*-probability 
space, for j = 1, N. Then, by using the product topology on A = X-f = i Aj, 
the direct product A is also a VF*-algebra and, by the subspace topology, Dn is 
also a VK*-algebra. So, we can have a W* -probability space (A, E) with amal- 
gamation over Dn- We observe the DAr-semicircularity, Z?Ar-evenness, Djv-valued 
R-diagonality, DAr-circularity and Z?Ar-valued infinitely divisibility. By [P_Z?at] , we 
will represent the Djv-valued property of the Devalued random variable x = (ai, 
aw) and by [P-C], we will denote the scalar-valued property of aj E (Aj, ipj), 
for j = 1, N. Then, we have that 

The Z?AT-valued random variable x has [P_Djv] if and only 
if each nonzero aj has [P-C]. 

For example, x = (a\, 0, ay) is £>3-semicircular if and only if a\ and ay, are 
semicircular in (A\, ip^ and (A3, ip 3 ), respectively. 

Finally in Chapter 4, we will define the DAT-valued S-transforms of DAT-valued 
random variables. The operator-version of S-transforms are merely known. But 
in this special Devalued case, we can define the S-transforms and we can get the 
similar results like in the scalar-valued case. In particular, if x and y are DAT-valued 
random variables in (A, E) and if E(x) and E(y) are invertible elements in Dat, 
under the usual multiplication, then we can define the DAT-valued S-transforms 
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S x {z) and S y (z) of x and y in Dn [[z]]- And if x and y are free over Dn in (A, E), 
then 

S X!/ (z) = (S x {z)) (Sy(z)). 



1. Direct Producted Noncommutative Probability Spaces 



Throughout this chapter, let's fix TV £ N and the collection T of (scalar- valued) 
noncommutative probability spaces, 

F={(A i ,tp i ) :i = l,...,N}. 

Then, for the given unital algebras A\, An, we can define the direct producted 
unital algebra 

A = x? =1 Aj = {(ai,...,ajv) : aj G A j5 j = 1,...,/V}, 

as a set with its usual vector addition and the vector multiplication defined 
componentwisely by 

(ai, ...,ajv) • (a' l7 ...,a^) = (aia' 1; ...,a N a' N ), 

for all (ai, ajv), (a'i, «at) E A. Then the vector multiplication on A is asso- 
ciative and hence A is again a unital algebra with its unity (1, 1). 

Let Mn(C) be the matricial algebra generated by all TV x TV-matrices with its 
canonical matrix units {e^ : i, j = 1, TV}, where 

7-th 

/ i ■■■ \ 

CD <— 



\ J 

Define the subalgebra Dn of Mat(C) by 

Djv d = C[{ejj : j = 1, TV}]. 
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Then Dm is a commutative subalgcbra of Mat(C) and it is generated by all N x 
N diagonal matrices in Mjv(C). We will call this subalgebra Dm, the N-th diagonal 
algebra of Mjv(C). Notice that we can regard Dm as the algebra C N with its usual 
vector addition and the following vector multiplication, 

(ai, ...,ajv) • (a[, ...,a' N ) = (aia[, ...,a N a' N ) . 

From now, if we mention the iV-th diagonal algebra Dm, then it is regarded as 
the algebra (C^, +, •) , where the vector multiplication (•) is defined as above. Also, 
notice that, under this assumption, the iV-th diagonal algebra Dm is a subalgebra 
of the direct product A = y-f =1 Aj. Moreover, 

1 Dn = (1,...,1) = U- 
Thus the direct product A of A\, Am is an algebra over Dm- 

Definition 1.1. The algebra (C N , +, •) , defined in the above paragraph, is called the 
N-th diagonal algebra and we will denote it again by Dm- Define the direct producted 
noncommutative probability space A of J 7 by the noncommutative probability space 
(A, E) with amalgamation over the N-th diagonal algebra Dm, where A = x^ =l Aj 
is the direct product of A\, Am and E : A — > Dm is the conditional expectation 
from A onto Dm defined by 

E ((ai, a N )) = Oi(ai), tp(a N )) , 

for all (ai, ...,0m) S A. Sometimes, we will denote E by (ip 1 , ...,ip N ) ■ 

It is easy to see that the C-linear map E is indeed a conditional expectation; 

(i) E((ai,...,aAr)) = (<Pi(ai), Vn^n)) = {an,...,a N ), 
for all (ai, ajv) S Dm- 

(ii) E((ai, ...,a N ) (ai, ...,a N ) (a' 1; --,a' N )) 

= E ((aiaia' 1; a N a N a' N )) = ((p(aiaiai), ip(a N a N a' N )) 

= (ai, a N ) ■ (y(ai), y{a N )) ■ (ai, a' N ) 

= (ai, ...,a N ) (-B((ai, ...,a N ))) (a[, ...,a' N ), 

for all (ai, ajv), a^-) G Z?at and (ai, ajv) € A. 

By (i) and (ii), the map E is a conditional expectation from A = xf = i Aj onto 
Dm- Thus the algebraic pair (A, E) is a noncommutative probability space with 
amalgamation over the iV-th diagonal algebra Dm- 
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Now, we will consider the Djv-freeness on the direct producted noncommutative 
probability space (A, E). Notice that the iV-th diagonal algebra Dm satisfies that 

(1.1) dx = xd, for all d G Dm and x E A, 

as a subalgebra of our direct product A = x^ =1 Aj. By (1.1) and the commutativ- 
ity of Dm, we only need to consider the trivial D^r-valued moments and cumulants 
of £V-valued random variables to study the free probabilistic information of them, 
i.e., we have that, for any a E A, 

(1.2) E(d ia ...d n a) = {d 1 ...d n ) E(a n ) 
and 

(1.3) k n (did, ...,d n a) = (di...d n ) k n (a, a) , 
for all n G N and for any arbitrary d\, d n G Dm- 

Proposition 1.1. Let (A,E) be the direct producted noncommutative probability 
space with amalgamation over the N-th diagonal algebra Dm, where A = xf=i Aj 
and let a\ and a2 be Dm -valued random variables in (A, E). Then they are free 
over Dm in (A, E) if and only if all mixed trivial Dm -valued cumulants of them 
vanish. □ 

We could find the similar fact in [5], for the Toeplitz noncommutative proba- 
bility spaces over the Toeplitz matricial algebras. We will consider the DM-~vahied 
moments of an arbitrary random variable in the direct producted noncommutative 
probability space. 

Proposition 1.2. Let (A = x^ =1 Aj, E = (ip 1 , ip N )) be the direct producted non- 
commutative probability space over the N-th diagonal algebra Dm and let x = (cti, 
on) be the Dm -valued random variable in (A, E). Then the trivial n-th moment 
of x is 

(14) E(x n ) = ( V , 1 (aV,...,<p N (a N )), 

for all n G N. □ 

The above proposition is easily proved by the straightforward computation, for 
the fixed n G N. It shows that if we know the n-th moments of aj G (Aj, (fj), for j 
= 1, TV, then we can compute the D^v-valued moment of the D^-valued random 
variable (ai, om) in (A, E). Now, let's compute the trivial n-th cumulant of an 
arbitrary £>Ar-valued random variable; 
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Proposition 1.3. Let (A = XjL 1 Aj,E=(ip 1 ,...,tp N )) be the direct producted non- 
commutative probability space over the N-th diagonal algebra Dn and let x = (cti, 
on) be the D^-valued random variable in (A, E). Then the trivial n-th cumulant 
of x is 



k n I x 



n I ^, , 



x = (k^ (ai, ...,ai) , ...,k n N \a N , ...,a N )j , 



for all n£ff, where kn (...) is the n-th cumulant functional with respect to the 
noncommutative probability space (Ai, ipA, for all i = 1, N. 



Proof. Fix n G N. Then 

k n (x,...,x)= K(x,...,x)n(n,l n ) 

w£NC(n) 



(1.5) 



= E n E v (x,...,x) fi(ir,l n ) 

7rGAfC(n) \ Ve7T J 

by (1,1), where E v (x, ...,x) — E(x^ v ^), where \V\ is the length of the block (See 
[1] and [11]) 



= E ( n ((Vi(a[ V| ),...,^(a^ l ))))MT,ln) 



= E (Y( n ^(a^MTr, in), ...,( n ^(a^MMn))) , 

since the iV-th diagonal algebra I? at is a vector space (i.e., if we let = 
1„) in C, for the fixed tt G NC(n), then (ai, ajv) • AV = ( a i/V> a iv/0> for 
all (oi, oat) ei = xjLi A?'-) 

= ( E f n ^(4 y| )) M (7r,i„),..., E f n ^(a^ 1 ))^^)) 

\irei\rC(n) \ Ve7T J TreNC(n) \ Ve7T ) J 

since Dm is a vector space (i.e., (ai, a^) + (a[, a' N ) = (a\ + a[, ajy 
+ a' N ) in A.) 



(1.6) 
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= (kn\ax, ...,ai), ...,ki N \a N , ....on)^ , 

where fc« •*(...) is the (scalar- valued) n-th cumulant functional with respect to the 
(scalar- valued) noncommutative probability space (Ai, ipA, for all a = 1, N. | 

Therefore, the equality (1.6) in the above proposition shows that the n-th De- 
valued cumulant 

k n ((ai, ...,a N ), (ai, ...,a N )) 

of the i?Ar-valued random variable (ai, a«) in the direct producted noncom- 
mutative probability space (A, E), is nothing but the TV-tuple of n-th (scalar- valued) 
cumulants of ai, on, 

(k£\ai, ...,ai), ...,k^\a N , ...,a N fj ■ 

By (1.6), we can get the following Djy-freeness characterization on the direct 
producted noncommutative probability space 

(A= xjLiA,-, E = ((p 1 ,...,<p N )). 

Theorem 1.4. Let (A = x^ =1 Aj,E — (<^ 1 , ...,ip N )) be the given direct producted 
noncommutative probability space over the N-th diagonal algebra Dn and let x\ — 
(ai, ae) and X2 = (&i, &jv) be the D^-valued random variables in (A,E). 
Then X\ and X2 are free over Dn in (A, E) if and only if nonzero a.j and bj are 
free in (Aj, ifij), for all j = 1, N. 

Proof. (<=) Assume that random variables aj and bj are free in (A,, ipj), for all j 
= 1, N. Then, by the freeness, all mixed n-th cumulants of aj and bj vanish, for 
all j = 1, N and for all n 6 N \ {1}. By the previous theorem, it is sufficient 
to show that the TV-tuples x\ = (oi, ojv) and x-i = (6i, &at) in (A, E) have 
vanishing mixed trivial Djy-valued cumulants. Fix n G N \ {1} and let (x^, 
Xi n ) are mixed n-tuple of x\ and x 2 , where (i\, i n ) <E {1, 2}". Then 

k n {xi 1 , Xi n ) = k n {{fli , Ojv), ( fl i" , a Af )) 
by the previous proposition 



= (0,...,0), 
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by the hypothesis. 

(=>■) Let's assume that the D/v-valued random variables x\ = (ai, on) and 
X2 = {bi, 6at) are free over Dn in (A, E) and assume also that there exists j in 
{1, N} such that nonzero aj and bj are not free in (Aj, tpj). Now, fix n G N \ 
{1} and consider the mixed trivial -D^-valued cumulants of x\ and x 2 - 

k n {xi 1 , Xi n ) = k n ((a^ 1 , fljy), (ffli" , a^v )) 

= (jCn \o-\ j •••) a i")j •■■) ( a / j ••■) a j" ) j ■•, fcn ' (&jv> ■"> a Af )) 

= (0,...,0, H ,0,...,0) 9 4(0,...,0,...,0), 

j-th 

in general. Therefore, there exists the nonvanishing DAT-valued cumulant of xi 
and x 2 . This contradict our assumption that D at -valued random variables x\ and 
X2 are free over Dn in (A, E). | 

The above theorem shows that the DAr-freeness of (oi, a^) and (b\, &/\r) 
in the direct producted noncommutative probability space (A, E) is characterized 
by the (scalar- valued) freeness of nonzero aj and bj in [Aj, ipj), for all j = 1, 
N. 

Corollary 1.5. Let a = (0, 0, Oj, 0, ...,0) and ej = (0, 0, aj, 0, 0) in (A, 

E), where at G (Ak, (p k ), for k = i, j. Then e, and ej are free over Dn in (A, E), 
whenever i ^ j. □ 

Define subalgebras A[, A' N of the direct product A = x^ =1 Aj by 
A , j = {{0,...,0,a j ,0,...,0):a j G (A,-,^-)}. 

for all j = 1,...,N. Then Aj is the embedding of Aj in A. By the previous 
corollary, we can easily get the following; 

Corollary 1.6. The algebras A\, An are free over Dn in the direct producted 
noncommutative probability space (A, E). □ 

By definition, the unital algebra Aj is always free from C (See [1], [4], [10] and 
[11]). So, we can extend the above result as follows; 

Proposition 1.7. The subalgebras Aj = C x ... x C x Aj x C x ... x C, for j 

I . N, are free from each other over Dn in the direct producted noncommutative 
probability space (A, E). □ 
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2. Dm- Valued R-transform Calculus 



In this chapter, based on the facts in Chapter 1, we will consider the amalgamated 
R-transform calculus of the direct producted noncommutative probability space. 
The main purpose of this chapter is to extend the Nica's scalar-valued R-transform 
calculus to the £>Ar-valued R-transform calculus. Throughout this chapter, let N 
G N and (Aj, ipj) be (scalar- valued) noncommutative probability spaces, for j = 
1, N. Also, let A — XjLi Aj be the direct product algebra of A\, Am, 
over the N-th diagonal algebra D N and let E = (ip 1 , ip N ) be the directed 
conditional expectation from the direct producted algebra A onto the algebra Dm- 
The noncommutative probability space (A, E) with amalgamation over Dm is the 
direct proucted noncommutative probability space. Now, on (A, E), we will define 
the -Djv-valued moment series and the D^-valued R-transform of an arbitrary De- 
valued random variable, as elements in the formal series in Dm- i.e., they are defined 
by the elements in Dm [[z]], where z is an indeterminent. 

Definition 2.1. Let (A, E) be the given direct producted noncommutative probabil- 
ity space over the N-th diagonal algebra Dm and let a G {A, E) be the D m -valued 
random variable. Define the Dm -valued moment series of a and the Dm -valued 
R-transform of a by 

M a (z) = En=iE(a n )z n 

and 

Rai z ) = J2n=l M a , -,a)z n 

in Dm[[z]], where z is an arbitrary indeterminent and E{a n ) and k n (a, a) are 
the DM-valued trivial n-th moment of a and the DM-valued trivial n-th cumulant 
of a, respectively, in B. 

Remark 2.1. The above definition is little bit different from the original Voiculescu's 
definition and from the Speicher's combinatorial definition. Recall that Speicher de- 
fined the DM-valued moment series of a in (A, E) by 

Yln=i E(d 1 ad 2 a...d n a) G D N , 

for arbitrary d\, d n G Dm, for each n G N. Also, he defined the DM-valued 
R-transform of a in (A, E) by 

E^Li k n (d[a, d' n a) G D N , 

for arbitrary d'i,...,d' n G Dm, for each n G N. However, in (1.2) and (1-3), 
we observed that it suffices to consider the trivial DM-valued moments and cumu- 
lants of a. i.e., the DM-valued trivial moments and cumulants contains the full free 
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probabilistic information of the Dn -valued random variable a in (A, E). There- 
fore, instead of observing the general moments and cumulants, we only observe the 
trivial ones. Thus, we defined the -valued moment series and the Dn -valued 
R-transform as in the above definition. Of course, we do not need to define them 
as elements in the D^-formal series in Dn [[z]], but it makes us have the similar 
results with the scalar-valued case in [1] and [10]. 

Remember that, by Chapter 1, we have 

E(( ai ,...,a N ) n ) = foK), 

and 

k n ((ai, ...,a N ), (ai, ...,a N )) = (kn\ai, 

for all n £ N, where (ai, a at) g (A, E). Therefore, we can get that if a = (ai, 
oat) in the direct producted noncommutative probability space (A, E), then the 
DAT-valued moment series and the DAr-valued R-transform of a are 

(2.1) M a (z) = EZi (ViW). -, ^K)) * n 
and 

(2.2) R a (z) = E"=i (^(oi, -, ai), -, k ( n N \a N , ...,a N j) z n 

in Djv[[^]], respectively. Indeed, we have the similar R-transform calculus with 
the scalar-valued case; 



•■•^wKv)) . 

...,ai), ...,k n N \a N , —,a N )\ , 



Proposition 2.1. Let x — (a\, ...,ojv) a^rf J/ = (&i> •••> &/v) ^ e DN-valued random 
variables in (A, E) and assume that they are free over Dn (equivalently, for all j 
— 1, N, the random variables dj and bj in (Aj, ipj) are free). Then 

(1) R x+y {z) = R x {z) + R y (z) in D N [[z}}. 

(2) R x , y (z 1 ,z 2 ) = R x (zi) + R y (z 2 ) in D N [[z u z 2 ]\. □ 



Let B be an arbitrary unital algebra and <p, the linear functional on B and let 
(B, (p) be the corresponding noncommutative probability space. Assume that x 
and y be random variables in (B, ip) and suppose that x and y are free in {B, ip). 
We have the random variable xy in (B, ip) and Spcicher and Nica showed that 



(2.3) k n v) ( xy^-.^xy ] = ( ( | • k^ r{n) \ ij_.._y 

for all n G N, where kn (...) is the n-th cumulant with respect to the given 
linear functional ip on B and k^\...) is the partition-dependent cumulant, for all 
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noncrossing partition 9 £ NC(n), and the map Kr : NC(n) — > NC(n) is the 
Kreweras complementation map on NC(n) (See [1] and [10]). 

We want to see that, on the direct producted noncommutative probability space 
(A, E), a certain (operator- valued) relation like (2.3) holds true. First, let's observe 
the following lemma; 

Lemma 2.2. Let n € N and x = (ai,...,ajv) G (A,E), a Djy-valued random 
variable and let ir G NC(n) be a noncrossing partition. Let k v (x, x) be the 
partition- dependent cumulant bimodule map of x. Then 



ki;(x,...,x) = (k£\ai, ...,ai), ...,A:i Ar) (a N , a N )^j . 



Proof. For tt G NC{n), 



fcjr X, , X 



n 

V67T 



/ / 

k 



n-timcs 



|V| 



V 



., X 



\ V I -times 



by (1.1) 



= ^ (kfy (on, ...,ai) , ...^[^(ajv, ...,ajv)) , 



by (1.6) 



= (y?, (^(ai.-.ai)).-.^ (k^(a N ,...,a N )) 



in D 



AT 



^^(ai, ...,ai), ki N \a N , ...,a N )j . 



Remark 2.2. If w = l n in NC(n), by the previous lemma, we have that 
h n (x,...,x) = (k[^(ai, ...,ai), ...,k[^\a N , ...,a N )^ . 
This is same as the formula (1.6). 



Assume now that x = (ai, ajv) and y = (£>i, bjv) are -D./v-valued random 
variables in the direct producted noncommutative probability space (A, E). Also, 
assume that the Dn -valued random variables x and y are free over Dn in (A, E). 
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i.e., the nonzero random variables aj and bj are free in (Aj, tpj), for all j = 1, 
N. Consider the Devalued random variable xy in (A, E), 



xy = (ai&i, ...,a N b N ) . 

For the fixed re € N, we have that 
k n (xy, ...,xy) 

= k n ((aibi, a N b N ), (ai&i, a N b N )) 
by the previous chapter 



ai6i,...,aibi ,...,k^ I a N b N , ...,a N b N 



(2.4) 



( E fc vri ; ai,...,oi \-ky r{ni) &i,... ,6i , 

7ri£]VC(ra) ' ~ '' ' ' v "'— - ' 



E fc^M a N ,...,a N )-k^l , I 6at, ...,&jv I ), 

7t N £Nc(n) y — . — 7 M v — . 

n-timcs / \ n-timcs 



by (2.3). Then, by the rearrangement of the summation for each j-th entry (j 
1, N), the formula (2.4) is equal to 

(2.5) 



l 

n-timcs 



E fc 7r a N ,...,a N I -fc^r) ( b N ,...,b N ) ) 



n-timcs 



which is same as 



n£NC(n) 



ki 1] [ oi, ...,ai • fc^ (7r) 6i, ...,6i | . .. 

n-timcs / \ n-timcs 
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ki N) a N ,. . .,aN ■ k { Kr {7r) I pNi-M 



in D 



N 



E ( ( ( ai,...,ai ) ki N) \ a N ,—,a N 

7T£NC(n) 

n-timcs 



n-timcs / \ n-timcs 



in D 



N 



= E (K(x, ...,x)) (k Kr(7T) (y,. ..,y)) , 

tvGNC(ti) 

by the previous lemma. Therefore, we can get the following theorem; 



Theorem 2.3. Let x and y be D^-valued random variables in (A, E) and assume 
that they are free over Dn in (A, E). Then we have that 

(2.6) k n (xy,...,xy) = E {K{x, ■■■> x )) {k Kr{n) {y, y)) , 

TreNC(n) 

for all n e N. □ 

The formula (2.6) is similar to the scalar- valued case (2.3). By (2.6), we can get 
the following D^-valued R-transform calculus; 



Proposition 2.4. Let x and y be D N -valued random variables in (A,E) which are 
free over D N . Then 

Rxy(z) = J27=l d n in D n[[z\] 

with 

d n = E (K(x,...,x)) (k Kr(lT) (y,...,y)) , Vn e N. 

ireNC(n) 

□ 



Let & t be the subset of the set C[[t]] of all formal series with zero constant terms. 



i.e.. 



@t = {E«*Li a nt n :a n GC, VneN}. 
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In [1] and [10], Speicher and Nica denned the boxed convolution H on <d t , as the 
binary operation on 9 t defined by 

(51,52) 1 — > 9i H 92 

with 

7n = J2 a K ' 0Kr(w)i 
■neNC(n) 



where gi(t) = J2n=i ^(i) = E~=i Z 3 ^" and 

a/iHfl2)(*) = E~=i7„ *" 



in 6*, where 



a9 = v ?fl a|v| and ^ = B ?/i B i' 



for all 6> G ATC(n), for n G N. 



Definition 2.2. Lei Z?at be the N-th diagonal algebra and let Dn[[z\] be the ring 
of the formal series in D^. Also, let Od n be the subset of Dn [[z]] consisting of all 
formal series in Dn with zero D^-constant terms. Define the restricted D^-valued 
boxed convolution \3d n on 9 d n by 

{gi B Dn g 2 ) 0) = En=l d nz n 

with 

d n ~ J2 a n ' °Kr(-rr) G D N , 
TreNC(n) 

where gi(z) = J2^=i a nZ n , gi(z) = J2^=i °nZ n in 9d w , and where 

a = Jl e a W\ and b e =Ub ]B \, 
for all 6 G NC(n), n G N. 



The previous proposition can be rewritten as follows, by the restricted Djy-valued 
boxed convolution 0£ )iv ; 



Corollary 2.5. Let x and y be Dpf-valued random variables in (A, E) which are 
free over Dm- Then 

R xy {z) = (R x Bd n R y ) (z) in Q Dn . 

□ 
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Thus, like the scalar- valued case, we can get the following R-transform calculus 
on the direct producted noncommutative probability space (A, E) over the N-ih 
diagonal algebra Dm ', if £C and y are free over Dn in (A, E), then 

(1) R x+y (z) = R x {z) + R y {z) in D N [[z}}, 

(2) R x , y (z 1 ,z 2 ) = R x {zi) + Ry{z 2 ) in D N [[zi,z 2 ]], 

(3) R xy {z) = (R x E Dn Ry) (z) in D N [[z}}. 

Let's define the following formal series 

Zeta{z) = Y,n^D N )z n 

and 

M0b(z) = E~ 1 (M0 n , 1") ' lD„)z n , 



in €>d n , where 1 Dn = 1, , 1 in I? at. Then we can easily get the following 

V 

rewritten Mobius inversion; 



TV-times 



Proposition 2.6. Let x be a Dpj-valued random variable in a direct producted 
noncommutative probability space (A, E) over D^. Then 

(1) M x (z) = (R x B Dn Zeta)(z) 

(2) R x (z) = (M x B Dn Mob)(z), 

in D N [[z]}. □ 



The above proposition is nothing but the reformulated Mobius inversion in terms 
of the restricted D^-valued boxed convolution. 



3. Random Variables in a Direct Producted W^-Probability Spaces 



Throughout this chapter, we will fix N G N and let (Aj, ipj) be a W^-probability 
space, for all j = 1, N, where Aj's are von Neumann algebras and ^? -'s are states 
on Aj satisfying that ipj (a*) = ipj(a), in C, for all a G Aj, for j = 1, N. Recall 
that ifj is called a trace if iPj(ab) = ipj(ba), for all a, b in Aj, for j = 1, N. In this 
case, the W*-probability space (Aj, ipj) is said to be a tracial Vt / *-probability space. 
In this chapter, we will consider the direct producted noncommutative probability 
space (A, E) over the iV-th diagonal algebra D^, where A = xf =1 Aj is the 
direct product of von Neumann algebras A\, An and E — (cp 1 , ip N ) is the 
conditional expectation satisfying that 
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E ((ai, ...,a N )*) = E((ai, ojv))* , 

for all (oi, a N ) G (A, £?). On A, 

(ai, ...,ajv)* = (a*, ...,a^) , 

where a* is the adjoint of in Aj, for all (ai, &at) G A. Then A is indeed 
a *-algebra and hence, under the finite product topology, A is a von Neumann 
algebra, too. Also we have that 

E((a 1 ,...,a N )*) = E((a\,...,a* N )) 

= (( yi(ai), -, yjv(a^)) ) 
= ((Vi(ai),--,<^jv(aiv))) 

= ((^i(ai). -, ^Ar(ajv)))* 
= £'((ai, ...,ajv))* ■ 

Clearly, we can regard the iV-th diagonal algebra Djy, as a von Neumann algebra 
under the subspace topology 1a f~l -Djv, where 1a is the product topology of the 
topologies 1a 1 j •• - j at of j4i , . . . , A^v • Thus we have the inclusion of von Neumann 
algebras Dn C A and we also have the conditional expectation E satisfying the 
above involution condition. Notice that the continuity of E is preserved by the 
continuity of <p/s. 

Definition 3.1. The algebraic pair (A, E), where A and E are given in the previous 
paragraph, is called the direct productedW* -probability space over the N-th diagonal 
algebra Dpj. 

Let's consider certain Z?jv-valued random variables in a direct producted Im- 
probability space. 

Definition 3.2. (i) x G (A, E) is Dn -semicircular if it is self-adjoint and the 
only nonvanishing trivial Dn -valued cumulant of x is the second one. 

(ii) x G (A, E) is Dfj-even if all trivial D^-valued moments of x vanish. 

(Hi) x G (A, E) is Dpf -valued R-diagonal, if the only nonvanishing mixed trivial 
D^i-valued cumulants of x and x* are 

^2n(^,^ ,...,X,X ) Or &2n(^ ,X,...,X ,X), 

for all n G N. 

Proposition 3.1. Let x = (ai,...,ajv) G (A,E) be a D^-valued random variable 
and if nonzero ai are even (or R-diagonal) in (Ai, ipA, for alii G {1, N}, then 
x G (A, E) is D^-even (resp. R-diagonal). 
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Proof. The Z?Ar-valued evenness and R-diagonality are determined by the -De- 
valued cumulant relations by definition. Also, by (1.6), we have that 

k n (x, ...,x) = (k ( n\ai, ...,ai), ...,k^\a N , ...,a N )^j , 

for all n G N. Since nonzero a,i G (A i} ipA are even, for all i G {1, N}, en 
are self-adjoint and there exist nonvanishing even cumulants of a^'s and hence the 
Djv-valued random variable x is self-adjoint in A and all odd trivial I? at- valued cu- 
mulants of x vanish and there exist nonvanishing even trivial D^-valued cumulants 
of x. Thus x is Djv-even in (A, E). 

Similarly, by the R-diagonality of nonzero a/s, 

&2n (x, X , . . . , X ^ X ) 

(3.1) 

= ( fc 2n( a i> a i> -,ai,a*), ■■■,k { 2 ^ l ) {a N ,a* N , ...,a N ,a* N )j , 

for all n G N and there exist n G N such that (3.1) does not vanish. The similar 
result holds true for ki n (x*, x, x* , x), for n G N. Let's assume that, under the 
same condition, the £V-valued random variable x is not £V-valued R-diagonal. 
Equivalently, there exists (m, u n ) G {1, *}" such that Uk = Uk+i, for some k = 
1, n — 1, and 

(3.2) k n (x u \...,x u ",x u "+\...,x n ) ^0 Dn . 
By (1.6), we have 

(3.3) k n (x Ul , x Un ) = {\Sn ' (aj^ 1 , "),..., fc^ ^ ( a A? , )^ • 

By the R-diagonality of all nonzero a,j G (Aj, ipj), for j = 1, TV, the formula 
(3.3) vanish. However, this contradict our assumption (3.2). Therefore, x is De- 
valued R-diagonal in (A, E). | 



The above proposition shows that the evenness and the R-diagonality of nonzero 
Oj G (Aj, (fj), for some j = 1, N, guarantee the -Djv-valued evenness and R- 
diagonality of (01, a/v) in the direct producted M / *-probability space (A, E) 
over Dm 1 respectively. Then how about the converse? 

Theorem 3.2. Let x = (a\, &at) G (A, E) be a D jy -valued random variable. The 
D^-valued random variable x is Djy-even (or D^-valued R-diagonal) if and only 
if all nozero random variable aj are even in (Aj, ipj), for j = 1, N. 
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Proof. By the previous proposition, we only need to show the necessary condition. 
It is sufficient to prove the case when we have x = (a\, ajv) in (A, E) with dj 
=/= 0, for all j = 1, N. 

(1) Let x be -Djv-even. Then, by definition, all odd D/v-valued moments of x 
vanish. Recall that 

E{x n ) = {<p 1 {a?),...,<p N {a%)), 

for all n G N. Assume that there exists j € {1, N} such that a,j is not an even 
element in (Aj, (fj). i.e., there exists at least one odd number n in N such that 
iPj(a 1 J°) 7^ in C. Then we can get that 

E(x n °) = ^ 1 (a n 1 "),...^j(af ),..., ^p N (a^)) ^0 Dn , 
This contradict our assumption that x is D^r-even. 

(2) Suppose that x is -D^-valued R-diagonal and assume that there exists j in 
{1, N} such that aj is not R-diagonal in (Aj, tpj). So, there exists an n -tuple 
(ui, u na ) in {1, *} n ", for some n € N, such that it is not alternating and 

k ( n j) (a^,...,o""°) ^0 in C. 

Then 

k no (x Ul , X Un ) 
= (jiho {O'l 1 i •••! a l ° )i ■■■! kno (dj 1 , Clj °), 

k {N) (o Ul n Un °)\ 
•■■) "-no ^ a JV ' N I j 

This contradict our assumption that x is -D^-valued R-diagonal. | 



Recall that, as embedded M / *-subalgebras, A\, An are free from each other 
over Dn in the direct product A — xjLi Aj. So, a Dpj-even element x — (a\, 
a at) is the -Djv-free sum of nonzero D^-even elements ej = (0, a,, 0), for all 
z = l, TV. i.e., 

.t = X^jLi e j an d e i' s are f ree from each other, for j = 1,...,N. 
We have the same result when we replace Dw-evenness to I? at- valued R-diagonality. 
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We have just observed that the DAT-valued evenness and R-diagonality of a De- 
valued random variable x = (a\, ajy) in (A, E) is totally characterized by the 
scalar- valued evenness and R-diagonality of nonzero random variables aj G (Aj, 
tfij), for all j = 1,..., N. The DAT-semicircularity of x — (oi, apf) is similarly 
characterized by the semicircularity of nonzero a\, a at. 

Theorem 3.3. Let aj 6 (Aj,ipj) be random variables, for all j = 1, N. Then 
the D^-valued random variable x — (oi, ojv) in (A, E) is Djy -semicircular if 
and only if all nonzero aj 's are semicircular in (Aj, ipj), for j — 1, N. 



Proof. (<=) By (1.6), it is clear. 

(=>) It suffices to show the case when we have nonzero a/s, for all j = 1, 
N. Assume that aj ^ 0, in (Aj, ipj), for all j = 1, N, and suppose that the 
DAr-valued random variable x = (ai, oat) is DAT-semicircular in (A, E). Let's 
assume that there exists j £ {1) —i N} such that a,j is not semicircular in (Aj , 
<Pj )- Then there exists nonvanishing no-th cumulant kn°\aj Q , ...,a,j ) of aj , where 
n 7^ 2 in N. observe that 

= (kno(ai, -,a 1 ), ...,k^\aj Q ,...,a jo ), ...,k { n *\a N , ...,a N )j 

^(o,...,o,-,o) = (W 

This contradict our assumption that x is DAT-semicircular. | 



Also, by regarding the von Neumann algebras A\, Am, as embedded W*- 
subalgebras in the direct product A = x^ =1 Aj, a DAT-semicircular element x — 
(ai, oat) is the DAT-free sum of DAT-semicircular elements ej = (0, aj, 0), 
for j = 1, N. 

Definition 3.3. Let x G (A, E) be a D at -valued random variable. We say that x 
is infinitely divisible if there exist D^-valued random variables x n ^, x n ^ n in (A, 
E), for each n £ N, such that (i) they are free from each other over Dn in (A, E) 
and (ii) they are D^-valued identically distributed, i.e., 

km (%: ...,X) — ^2ij — \ ^ m {^ n ,j ! • ■■ ! ) — rik m (x n ,j , ■ ■• , ^n,j ) ■ 

We can recognize that the DAT-valued infinitely divisibility of DAT-valued random 
variables is also defined by the D^-cumulant relation. Therefore, we have that; 
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Theorem 3.4. The D^-valued random variable x = (ai, ajv) in (A, E) is 
Dn -valued infinitely divisible if and only if all nonzero dj are infinitely divisible in 
(Aj, tpjlforj = 1, N. □ 

So, all properties of a Z?Ar-valued random variable x depending on the Djy-valued 
cumulants are characterized by the properties of scalar-valued random variables 
(which are the components of a;) depending on the scalar- valued cumulants. 



4. D N - Valued S-transforms 



In this chapter, we will consider the -Djv-valued S-transform theory on the direct 
producted noncommutative probability space (A, E) of noncommutative probabil- 
ity spaces { {Aj, ipj), j = 1, N }, over the N-th diagonal algebra Dn, where A 
— xjLi Aj i s th° direct product of unital algebras A\, An and E — (ip 1 , tp N ) 
is the conditional expectation from A onto Dn- The scalar- valued S-transforms are 
introduced by Voiculescu to study the free probabilistic data of the products of two 
free (scalar-valued) random variables. Nica denned the S-transforms combinatori- 
ally. 

Let {B, tp) be a noncommutative probability space with its linear functional ip 
: B — > C and let b € (B, tp) be a random variable satisfying that <p{b) ^ 0. Then 
define the S-transform of b by 

(4.1) Sb (t) = ^m<- 1> (t) = lr<- 1> (t), 

in C[[t]], where mfe(t) and rb(t) are the moment series and R-transform of b 
in 9 t , and where m^ _1> (t) and r^ _1> (t) is the inverse of m,b(t) and rb(t), with 
respect to the composition on C[[t]]. Notice that, by the assumption that ip(b) ^ 
and by (4.1), the S-transform Sb(t) of b is not contained in 9 t , since Sb(t) contains 
the constant term -4rv. He showed that if 6i and bo are random variables in a 

¥>(&) 

noncomutative probability space {B, tp) satisfying that <p(b\) / ¥?(&2) in C, 
and if the random variables b\ and bi are free in (B, tp), then 

(4.2) Sblb2 (t) = 

We will extend the S-transform relation (4.2) to the D^-valued case. 
Define a subset A-\ of A by 

A-i = {(a u ...,a N ) £ A : ^(a^) ^ in A,-, Vj = l,...,iV}. 
Also, define a subset Z)^ 1 of Djy by 
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D N X = {(a u ...,a N ) G D N : a s ^ 0, Vj = 1,...,N}. 
Let x = (ai, ajv) £ Then 

(4.3) £ (a) = (^(ai), ip N (a N )) G Djv 1 C L»JV 

Notice that the algebraic structure (D^ 1 , •) is a group, where (•) is the usual 
vector multiplication on Dm- Consider the set of formal scries 

as a subset of JDjv[[z]], where z is the indeterminent. By the very definition, 
for all / G D l ™ [[z]], the DAT-constant term of / is always contained in DJ^ 1 and 
hence every element / in D^ v \[z\] has its multiplication inverse (Remark the 
difference between the composition inverse / <_1> and the multiplication inverse 
Thus it is easy to see that the algebraic structure (D 1 ™ [[z]], •) is also a 

group. 

Recall the definitions of Qd n and the restricted Dm -valued boxed convolution 
H Djv (See Chapter 2). 

Definition 4.1. Define the subset of 9^ ofQo N by 
®dI = {.9 G 6d» : 9 * s \3 DN -invertible}. 

Then (O^, Sdn) is a group, too, lying in Djv[[z]]. Indeed, we can have that, 
if gi, g 2 and 53 are in (6^ ,0Djv) , then we can construct the corresponding R- 
transforms R Xl (z), R X2 (z) and R X3 (z) of x\, x 2 and x 3 in some noncommutative 
probability spaces (A, E) over Dm, such that Dncl = clDm, for all a E A, where 
xi, X2 and 23 are free from each other over Dm- 

Remark 4.1. The choice of the above unital algebra A, which are commutes with 
Dm, is totally depending on our definition of the restricted Dm -valued boxed con- 
volution, 0£> N on @d n - So, if g G (8™J, ^d n ), then, by{3o N , we can regard g as 
the R-transform R x {z) of the Dm -valued random variable x in a noncommutative 
probability space (B, Ep ) with amalgamation over Dm, where Dm commutes with 
B. 

So, if g x , g 2 and g 3 are in (Q 1 £^,Bd n ) , then 

ffiEb„ (52 0d„53) = R XlX2X3 (z) = (giE DN 92) Hd n <?3- 



Thus, the Djy-valued restricted boxed convolution Eb N is associative on Q\ 
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(ii) The formal series 1 d n • z G ©^ is the Eb N -identity. 

(iii) By definition, every g £ 6^ has its Eb N -inverse. 

By (i), (ii) and (iii), (@^, Ebjv) is indeed a group. Suppose now that 

9(z) = En=idnZ n and S" 1 ^) = E~i <4^, 
where g _1 is the 0D w -inverse of g in 6^. By definition, we have that 
(g E Dn g- 1 ) (z) = EZiPn z n = (g- 1 Qd„ 5) (z) 



with 



E (dn) ■ (d' KrM ) = p n = E (d' 9 ){d Kr(e) ), 

TreATC(n) 0£NC(n) 



satisfying 

pi = ln N and p„ = Dn , Vn G N \ {1}. 
Thus we have that 

did[ = 1 Dn = d[di. 

This shows that 

(4.4) di, < G ^ C .Dat. 

Conversely, if di e Z?^ 1 for g(z) = E^Li ^n z ™ m ®d n , then we can select g^ 1 (z) 
= + E^2 ^n(di) 2 " m 6™^, where S n (di) are elements in depending on 
d u for all n G N \ {1}. 

Theorem 4.1. The groups (@^, 0d n ) a«<i (/^"[[z]], ■) are homomorphic groups. 
□ 



The above theorem is proved by the little modification of the proof of the The- 
orem 14.3 in [1]. Again, we have to remark that if we do not have the condition 
(1.1), we cannot use the proof in [1] to prove the above theorem. In Theorem 14.3 
in [1], Nica showed that the groups (Q l t nv , 0) and (C[[i]]i rlt) , •) are isomorphic, by 
the isomorphism T from Q\ nv onto C[[t]]i nt ,, 

•H/WH t/^W, for all/ ee t . 

But we only show that (0^ , Odn ) an d {D™ v [[z]] , •) are homomorphic, because 
we cannot guarantee that ©^ an d -C™"!! 2 ]] are bijective. But, similar to the 
scalar- valued case, we can define a map F from 0^ to D™ 11 ^]] by 

i „<-i>c 



(4.5) F(g(z)) = i g<- l> {z), for all g G 0^. 
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Then, clearly, the map F is injective. By replacing C to Dn in the proof in [1], 
we can prove the above theorem. 

Definition 4.2. Let x e (A, E) be a D^-valued random variable such that E(x) 
£ -Djy 1 ' where A = xf = i Aj and E = ((p 1 , (fi N ). Then the S-transform of x is 
defined by 

S x (z) d ^ \R<~ l> {z) in D™[[z]}. 

By the previous theorem, we can get the following main result of this chapter; 

Corollary 4.2. Let x and y be D n -valued random variables in our direct producted 
noncommutative probability space (A, E) with amalgamation over the N-th diagonal 
algebra Dn, satisfying that E(x), E(y) 6 D N X . If x and y are free over Dn in (A, 
E), then 

(16) S xy (z) = (S x (z))(S v (z)), in £>£»[[*]]■ 

Proof. Let x and y be -Djv-valued random variables in (A, E) and assume that 
E{x) and E(y) arc in D^ 1 . Then the R-transforms R x {z) and R y (z) of x and y 
have their composition inverse R<~ ly (z) and R y ~ 1> (z) in Dn [[z]]. Also, we have 
that E(xy) — E(x) E(y), by the Djy-freeness of x and y, and hence E(xy) is also 
contained in D^ 1 . So, R<~ 1> (z) exists in Dn [[z}j. Thus the S-transforms S xy , S x 
and S y are well-defined in D^ v [[z]], with their £>Ar-constant terms E(xy), E(x) 
and E(y), respectively. Observe that 

S xy (z) = iR^iz) = I (R x E Dn Ry)^ (z) 

by the D/v-freeness of x and y 

= F(R X E Dn R y ) = (F(R x ))(F(R y )) 

by the definition of the group homomorphism F from [®™ v , Ed n ) to (D 1 ™ 

Ml ■) 

= {\R<- l >(z)) {\B<-^z)) = (S x (z))(S y (z)). 

I 

We finish this chapter by observing the following general case; 

Remark 4.2. In this remark, we will extend the above observation to a certain 
general case. Let's assume that D is a commutative unital algebra. Define a subset 
©£> of formal series D[[z]] by 
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®d = {EZo d m n G D[[z}\ : d = D }. 
Define the restricted D -valued boxed convolution 0d : Qd x 6d — > 6d 6t/ 

(510D52)W = E~1^" 
d»= E O^) («<-))' 

where 

ffiW = E~=i^ 1) ^ ^ <&(*) = E~=i<& 2) * n 

and 

4° = y n /|yp /° r » = 1,2, Ve G ATC(n), Vn G N. 

Then, the algebraic structure (0z>, 0d) is a semigroup, because, for any g\, g 2l 
<?3 G ®d, w e can get D -valued random variables X\, x 2 and x 3 in the D-free non- 
commutative probability space (A\, E{), (A 2 , E 2 ) and (A 3 , E 3 ) with amalgamation 
over D, respectively, such that D commutes with A\, A 2 and A 3 , respectively, and 
gj(z) = R Xj (z), for j = 1, 2, 3, where R Xj {z) is defined by 

RxA z ) = E£Li ( k n(xj,-,Xj)) z n in e D , 
for i = 1,2, 3, where E = E\ * E 2 * E 3 on A± *d A 2 * d A 3 . Indeed, 

(51 3d 92) 0d 53 = Rx lX2 x 3 = 9i 0d (52 Be 53) • 
So, (6_d, 0d) is a semigroup. Define a subset Q l g v in Qd by 

eg" = {EZi d n z n €Q D :d 1 e D mv }, 

where D inv = {d G D : d is invertible in D}. Then (<d l D lv , 0d) is a group with 
its 0d -identity Id - z. If we define 

D[[z]] inv = {g G D[[z]] : g is (■) -invertible}, 

where (■) is the usual multiplication on -D[[z]]. Then {D[[z\\ inv , ■) is a group, too. 
By defining 

F D : eg" -> D[[«]] int , 

fey 

where g < ~ 1> is the composition inverse of g in D[[z}], we can verify that (® i g v , 3d) 
and (D[[z]]i nt) , •) are homomorphic. So, we can define the S-transform S x (z) of a 
D-valued random variable x in the noncommutative probability space (B, Ed) with 
amalgamation over D, with Ed(x) G D inv , where D commutes with B, by 
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S x (z) = F (R x (z)) , 

where R x (z) is the R-transform of x G {B,Ed) in ®™ v . And if x and y are 
D-free random variables in (B, Ed) such that Erj(x) and Eo{y) are contained in 
Dinv 7 then 

S xy (z) = (S x (z)) (S y (zj) in D[[z]] inv . 
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